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Abstract 
We investigate second and third harmonic generation in a slab of material that displays plasma 
resonances at the pump and its harmonic frequencies. Near-zero refractive indices and local field 
enhancement can deplete the pump for kW/cm2 incident powers, without resorting to other 
resonant photonic mechanisms. We show that low-threshold, highly-efficient nonlinear processes 
are possible in the presence of losses and phase-mismatch in structures that are 104 times shorter 
than typical KDP or LiNbO3 crystals, for relatively low irradiance values. 
PACS: 42.65.Ky, 05.45.-a, 41.20.Jb, 78.20.-e 
 
The discovery of second harmonic generation (SHG) [1] was pivotal to the development 
of modern optics. During the last half century a plethora of devices and applications related to 
light generation have flourished, in large part brought about by the voluminous research on novel 
nonlinear materials [2] and the enormous potential of nonlinear processes [3-7]. The path toward 
efficient frequency conversion processes has thus retained its fundamental importance through the 
years and continues to be the focus of considerable basic research activity. High efficiency 
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typically requires increasing the interaction length through phase-matching [3], quasi-phase-
matching techniques [8], or engineering artificial structures that circumvent the lack of 
birefringence to compensate refractive index dispersion [4, 9]. For example, the unusually high 
density of states and field localization that characterizes periodic structures increases conversion  
efficiency [10, 11]. Less efficient, but equally important and useful for surface characterization 
and sensing are nonlinear processes originating from metallic surfaces. There, electric field 
enhancement triggered by the excitation of surface plasmons may suffice to detect harmonic 
processes arising from symmetry breaking at the surface, magnetic dipoles, electric quadrupoles, 
inner-core electrons, convective nonlinear sources and electron gas pressure [12, 13].  
Recently, the focus has shifted to materials exhibiting near-zero effective permittivity 
[14]. While the preponderance of this work is still confined to the study of linear optical 
processes, these materials have also been predicted to exhibit enhanced harmonic generation [15-
18] and optical instabilities [19, 20]. In this new setting nonlinear processes may be triggered by 
photonic [15, 16], plasmonic [18, 20], and plasma resonances [17, 18, 20]. In the latter scenario a 
singularity pushes the local field to achieve unusually large values due to the continuity of the 
displacement field component normal to the boundary [17, 21]. Nearly all natural materials 
display plasma resonances in the far infrared (LiF, CaF2, MgF2 or SiO2), visible (Au, Ag, Cu), 
and ultraviolet (GaAs, GaP) frequency ranges [22] although in most cases absorption reduces 
field enhancement and abates the nonlinear response. However, glasses doped with absorbing 
dyes [17] and the introduction of gain material in artificial composites may significantly tame 
losses [23, 24]. 
In this paper we demonstrate that if plasma resonances are present simultaneously at the 
pump and its harmonic wavelengths, an unparalleled improvement of harmonic generation occurs 
3 
 
compared to either plasma films having a single plasma resonance at the pump wavelength, or 
more traditional, phase-matched crystals like KDP or LiNbO3. Near-zero permittivity and index 
values, along with an implicit phase-matching condition and pronounced field enhancement at the 
pump and its generated harmonic frequencies combine to increase the efficiency of harmonic 
generation, leading to pump depletion in sub-micron material lengths and irradiances of a few 
kW/cm2, even in the presence of losses.   
By way of example, we consider a homogenous slab of material of finite thickness d, 
surrounded by air and illuminated by a TM-polarized plane wave incident at an angle iϑ  with 
respect to the z-axis, with electric field and wave-vector on the x-z plane − inset of Fig. 1(a). The 
slab has relative permittivity ( )ε ω , which is modeled using classical Lorentz oscillators: 
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ω ω ωγ
= −
− +∑  .        (1) 
The plasma frequencies are denoted by 
jp
ω , jγ  are damping coefficients, 0jω are resonance 
frequencies, ω  is the angular frequency, and 1i ≡ − . The parameters are scaled with respect to 
the reference angular frequency r 2 1μmcω π= , where c is the speed of light in vacuum. For 
simplicity we first assume a lossless scenario to establish ideal conditions, and then examine more 
realistic settings. The parameters p1 0.96835ω = , p2 0.56349ω = , 01 0.25ω = , 02 1.76ω = , and 
1 2 0γ γ= =  produce two plasma resonances near the pump, ωλ =1064nm, and second harmonic 
(SH), 2ωλ =532nm, wavelengths. Both wavelengths are slightly detuned from the plasma 
resonances so that the relative dielectric permittivities are: M ( ) (2 ) 0.001ε ε ω ε ω= = = .  
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Fig. 1. (a) Field intensity map as a function of normalized slab thickness and incident angle; the enhancement 
approaches 8000 as 0d →  (not shown); (inset) sketch of the system under investigation: a TM-polarized pump with 
electric field Eω and wave-vector kω impinges on a slab of thickness d at an angle iϑ ; (b) Total normalized 
conversion efficiency vs. slab thickness; we assume (2) 1 pm / Vχ = and 1.8iϑ =
 . 
When a monochromatic plane wave impinges on an interface between a generic medium 
and a material with relative permittivity that tends to zero ( ( )Re ( ) 0ε ω +→ ), the continuity 
requirement for the displacement field component normal to the surface causes the longitudinal 
(or normal) component of the electric field ( )zE  inside the medium to become singular, i.e., 
,0 0z z ME E ε ε= , where ,0zE  and 0ε  are the normal component of the electric field and 
permittivity, respectively, in the half-space of incidence. This occurs at Brewster or critical angle 
conditions [21]. In slabs of finite thickness zE  may become singular by either: (i) reducing the 
thickness of the slab; or (ii) approaching normal incidence ( 0iϑ → ) [21]. If, on the other hand, 
( )Re ( )ε ω  is fixed to a near-zero value, the electric field is not singular but may be significantly 
enhanced by exploiting the tunneling of evanescent waves and multiple reflections that occur for 
thinner slabs. Electric field intensity enhancement, calculated as ( )2 2zωmax E Ε , is shown in 
Fig. 1(a) as a function of normalized slab thickness ωd λ and incident angle iϑ . In the figure 
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enhancement is largest for incident angles greater than the critical angle 1 MsinCϑ ε
−=  [21] − 
white dashed curve labeled Cϑ in Fig. 1(a). If i Cϑ ϑ>  evanescent waves tunnel through the slab 
and, together with multiple reflections, further enhance zE . Tunneling is more pronounced for 
thinner slabs and the enhancement eventually approaches a value of 8000 as 0d → . Fig. 1(a) 
shows that for near-zero permittivity the Brewster angle, 1 MtanBϑ ε
−= , is approximately equal 
to the critical angle Cϑ . Since ( ) ( )2ε ω ε ω= , similar field enhancement is expected for input 
waves tuned at ωλ  and 2ωλ .  
When the pump and its harmonic(s) are enhanced, nonlinear processes become favored at 
low irradiances even in sub-wavelength structures. Second and third harmonic (TH) generation 
are accounted for by writing a nonlinear polarization in the time domain as [25]: 
NL (2) (3)
0 0
, , ,
k klm l m klmn l m n
l m l m n
P E E E E Eε χ ε χ= +∑ ∑ ,    (2) 
where 0ε  is the vacuum electric permittivity, k,l,m,n are the Cartesian coordinates, 
NL
kP is the total 
nonlinear polarization in the k-th Cartesian direction. We assume a near-instantaneous nonlinear 
response and that only the diagonal components of the tensors (2)klmχ and 
(3)
klmnχ  are non-zero, such 
that (2)(2) (2) (2) 1 pm/Vxxx yyy zzzχ χ χ χ= = = =  and 
(3)(3) (3) (3) 20 2 210  m /Vxxxx yyyy zzzzχ χ χ χ
−= = = = . For a 
TM-polarized field that is a superposition of the pump, second and third harmonics, the nonlinear 
polarizations may be expressed in terms of space and time dependent, complex envelope 
functions [13]:  
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At low pump intensities self- and cross-phase modulation terms, as well as down-conversion 
terms do not contribute. In this regime, in Fig. 1(b) we plot the total normalized SH conversion 
efficiency 22ω ωI I  from a slab of variable thickness and incident angle 1.8i B Cϑ ϑ ϑ≈ ≈ =
 when 
pump and SH fields are tuned near plasma resonances. The pump field intensity inside the slab is 
enhanced by a factor of 1000 regardless of its thickness (white dashed line in Fig. 1(a)). Choosing 
1.8iϑ =
  does not maximize field enhancement, but the simultaneous boost imparted to incident 
and generated fields, implicit phase-matching, and correspondingly near-zero indices of refraction 
induce pump depletion for relatively small peak powers. For example, SH conversion efficiency 
of a plasma slab 1 μm thick, illuminated with Iω = 20 kW/cm2 at 1.8iϑ =
  is 1%. As another 
example, we find that a lossless, doubly-resonant plasma film 6 μm thick pumped with Iω = 100 
kW/cm2 yields a 30% SH conversion efficiency. The same efficiency is achieved in a phase-
matched KDP crystal 45 cm thick, under similar pumping conditions.  
A multi-resonant plasma film is implicitly phase-matched. However, phase-matching is 
important only for relatively thick films. Under exact phase-matching conditions the coherence 
length is infinite ( cL 2 k≡ ∆ , with 2ω ωk k 2k∆ = −  and ( )ω,2ω ω,2ω ω,2ωk 2 Re nπ λ= , where 
ω,2ω ω,2ωn ε= ). For sub-wavelength films, the major contribution to the nonlinear process 
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comes from the condition ω 2ω 0n n≈ ≈ . This result is inferred from a fresh re-evaluation of the 
normalized conversion efficiency [25]: 
( )( ) ( )
22 2
2ω
2 2 2
ω ω 2ω 0
2 sin k 2I
I k 2
d d
n n c d
χ ω
ε
∆ 
=  ∆ 
.         (7) 
Eq.(7) reveals that conversion efficiency becomes singular when ωn  and/or 2ωn approach zero. In 
Fig. 2(a) we plot the normalized conversion efficiency vs. ωn  and 2ωn  obtained using Eq. (7) for a 
2 μm long bulk medium. The map shows that conversion efficiency is largest when ω 0n → and/or 
2ω 0n → . While these conditions dominate over the influence of phase matching, they cannot 
overcome the effect of wave vector mismatch, where efficiency vanishes. However, mere 
inspection of Eq.(7) does not suffice to describe a complete, realistic scenario, because it falls 
short in at least two respects: (i) it is valid only for bulk media pumped at normal incidence 
(ϑi=0); (ii) it is invalidated if the pump becomes depleted. Under realistic conditions optimal 
coupling of wave incident obliquely is achieved only for a specific angle of incidence ϑi and finite 
thickness d (see Fig. 1(a)).  Finally, when ω 0n →  and/or 2ω 0n → pump depletion can occur for 
relatively small incident fields. Therefore, accurate estimates of conversion efficiency should 
always be done with an analysis that takes Eqs.(3-5) into account. For these reasons we used three 
different methods to calculate conversion efficiencies in slabs of finite thickness: (i) continuous 
wave (CW) analysis via a Finite Element Method (Comsol Multiphysics), and pulsed dynamics 
using: (ii) a fast Fourier transform beam propagation method, and (iii) finite difference time 
domain method.   
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Fig. 2. (a) Normalized SH conversion efficiency ( 22ω ωI I ) on a logarithmic color scale for a bulk medium 2μm long 
calculated using Eq. (7), assuming normal incidence and (2) 1 pm / Vχ = ; Blue, square markers indicate the phase-
matching condition; Black, circle markers indicate wave vector mismatch conditions. (b) Total (forward plus 
backward) normalized SH conversion efficiency ( 22ω ωI I ) on a logarithmic color scale for a slab d=2μm thick, 
calculated by means of full-wave simulations (CW analysis) assuming (2) 1 pm / Vχ = and 1.8iϑ =
 ; Purple, square 
markers indicate the phase-matching condition; White, cross markers indicate wave vector mismatch conditions; red 
and green dashed lines indicate Fabry-Perot resonances for λω and λ2ω, respectively.  
 
As was done for the bulk medium, phase matching and wave vectors mismatch conditions 
are highlighted in the new efficiency map (Fig. 2(b)). The phase matching/mismatch conditions 
k'∆  in Fig. 2(b) do not coincide with those in Fig. 2(a) because we are incident at an angle 
iϑ =1.8º. Although it is still possible to identify the beneficial effects of phase matching and the 
detrimental effect of wave vector mismatch, one may easily ascertain that enhancement of SHG 
occurs when either singly- or doubly-resonant conditions are met. Fabry-Perot resonances for 
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ωλ or 2ωλ  are excited when ( ) ( )ω,2ω ω,2ω ω,2ω2d m nλ= , with ω,2ω 1,2,3...m =  for the pump and the 
SH. Even though SH conversion efficiency is largest near a double plasma resonance, efficiency 
is generally maximized when Brewster/critical incidence condition is satisfied for the incident 
field − bright red region in Fig. 2(b), i.e, when the condition i B Cϑ ϑ ϑ≈ ≈  is met. Similarly large 
conversion efficiencies occur in a bulk medium only when ω 0n → and/or 2ω 0n → − Fig. 2(a).   
A doubly-resonant plasma film continues to show remarkable conversion efficiency even 
in the presence of losses and phase-mismatch. Using a slightly modified set of parameters to 
introduce losses ( p1 0.957249ω = , p2 0.517856ω = , 01 0.25ω = , 02 1.78ω = , 1 2 0.0001γ γ= = ) we 
obtain ω 0.001 0.00013iε = +  and 2ω 0.001 0.00039iε = + . The main result is that the new 
dispersion profile and relative permittivities modify the electric field intensity enhancement as a 
function of slab thickness and angle of incidence, so that conversion efficiencies obtained without 
losses may be recovered at slightly larger angles of incidence and thinner slabs. For example, if 
we introduce losses, keep 1.8iϑ =
 , and choose slab thickness d = 200 nm, the field intensity 
enhancement at ωλ  drops from ~1000 without losses to ~800 with losses. SH conversion 
efficiency is impacted by decreased local fields, and reduced from 10-8 of the lossless case to 10-9 
in the lossy scenario for an irradiance of 1 W/cm2. Conversion efficiency may be completely 
recovered by reducing the thickness to d = 50 nm and by increasing the incident angle to 
4.4iϑ =
  with 1 W/cm2 pump irradiance. This new combination of small thickness and larger 
incident angle restores a field intensity enhancement of ~1000 for the pump, hence the 
compensation in SH efficiency. As shown in Fig. 1(a), thinner slabs facilitate evanescent wave 
tunneling, and increase the optimal field enhancement angle. Losses also broaden the angular 
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region where field intensity is boosted, regardless of slab thickness. These effects foster an 
electric field enhancement that compensates losses, leading to the same efficiencies achieved in 
the lossless scenario. Fig. 3(a) shows SH conversion efficiency as a function of input irradiance 
with and without losses for the same thickness and angle of approach. The figure shows the 
transition between undepleted and depleted pump regimes, saturation, and the influence of pulse 
width. The pulsed efficiency curves approach the CW results as pulse duration, τ, increases. At 
large intensities self- and cross-phase modulation effects become dominant and alter the 
permittivity of the slab. As a result, the slab becomes detuned from optimal coupling conditions 
( i B Cϑ ϑ ϑ≈ ≈ ), and conversion efficiency decreases regardless of losses or pulse width.  
 
Fig. 3. (a) SH conversion efficiency vs. input irradiance for a 1μm-thick film and incident angle 1.8iϑ =
 for: lossless 
CW (blue, solid curve), lossy CW (red, solid curve), τ = 2ps (red, dotted curve) and τ = 6ps (red, dashed curve) 
pulses for lossy film; (b) Same as (a) for THG. 
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Similar considerations are applicable to third harmonic generation (THG) if one considers 
a slab of material with plasma resonances close to the fundamental and TH frequencies. The 
amplitude of the TH field becomes comparable to the pump field, so that none of the self-phase 
modulation or down-conversion terms in Eqs. (3-5) can be neglected. In this lossless, doubly-
resonant scenario TH conversion efficiency for 1.8iϑ =
  and slab thickness d = 1 μm is ~3% for 
100 kW/cm2 input irradiance (blue, solid curve in Fig. 3(b)). We can estimate the impact of losses 
on THG by introducing slightly modified parameters ( p1 0.956693ω = , p2 0.851393ω = , 
01 0.25ω = , 02 2.67ω = , 1 2 0.0001γ γ= = ) that yield ω 0.001 0.00013iε = +  and 
3ω 0.001 0.00031iε = + . Under these circumstances TH conversion efficiency is reduced as shown 
in Fig. 3(b) (red, solid curve). For irradiances larger than 1 MW/cm2 self- and cross-phase 
modulation once again dominate the dynamics worsening tuning conditions. Similarly to what 
occurs for SHG, conversion efficiency flattens regardless of losses or pulse width.  
In conclusion we have studied SHG and THG in slabs of materials that display multi-
plasma resonances. Nonlinear processes are driven by the simultaneous enhancement of pump 
and harmonic electric fields in the absence of photonic resonances, and are characterized by pump 
depletion at relatively small irradiances even in the presence of losses and phase-mismatch. It is 
therefore evident that a novel path to efficient harmonic generation is not only realistic, but may 
well surpass the performance of commonly used nonlinear crystals, such as KDP or LiNbO3.  
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